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Abst rac t - -We consider an equation arising in linear viscoelasticity. Recently it has been shown 
that the semigroup for this model is exponentially stable, and that a certain semidiscrete approxima- 
tion scheme preserves the stability uniformly in the discretization parameter. However, that uniform 
stability result requires two technical assumptions, which have been verified only for a limited class 
of viscoelastic kernel functions. In this note, we show that one assumption is unnecessary, and the 
other follows from a simple additional assumption on the kernel, which is easily verified for a large 
class of functions. (~) 1998 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
In this paper, we consider the issue of preservation of exponential stability under approximation 
for a l inear viscoelastic model. The specific model of interest is the following integro-differential 
equat ion evolving in a Hilbert space H (appropriate boundary conditions are left unspecified): 
[ f ] ~(t) + A Eu(t) + a(O)i~(t + 0) dO = f(t). (1.1) T 
Here A is a positive definite, self-adjoint unbounded operator on H, and f ( t )  is a locally integrable 
H-valued function. Also, E is a positive constant and r satisfies 0 <_ r < c~. The function a(0) 
satisfies 
f a(O) = g(~) d~, r 
and we assume that g satisfies the following hypothesis. 
(H1) g(0) e Ll(-r,O), 
g(O) E H l ( - r , -a ) ,  for all ~ :> 0, 
9(0), g'(0) > 0, for - r  < 0 < 0. 
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A function satisfying (H1) is called a weakly singular kernel (see [1]), and an example of such a 
function is g(0) = c(e~°)/[O[ p for 0 _< p < 1, c > 0, A > 0. 
As will be discussed in the next section, there is a well-known method (see [2-4]) for reformu- 
lating (1.1) as an abstract Cauchy problem 
Jz(t) = Ax(t) + F(t), (i .2) 
on X, for an appropriate choice of ,4 and X. In [5], it was shown that ,4 generates a strongly 
continuous contraction semigroup Tit). The authors of [6] also developed a semidiscrete ap- 
proximation scheme consisting of finite-dimensional semigroups TN'M(t) (the two discretization 
parameters N, M correspond to the two discretizations in this model--the spatial variable and the 
delay variable), and provided a Trotter-Kato semigroup convergence r sult. In [6], it was shown 
that T(t) is exponentially stable (a semigroup T(t) is said to be exponentially stable if there 
exists C > 1 and w > 0 such that IIT(t)llx < Ce -~t for all t > 0) and that TN'M(t) is uniformly 
exponentially stable (that is, there exists C > 1 and w > 0 such that IITN'M(t)IIX ~_ Ce -wt for 
all t > 0 and all sufficiently large N and M). However, the uniform exponential stability result 
in [6] required two technical assumptions on the kernel g(0). Moreover, these assumptions were 
verified only for the restricted class of kernels of the form g(O) = c/IOI p, for 0 < p < 1 and c > 0. 
Here we show that the uniform exponential stability result from [6] can be obtained with a much 
simpler and less restrictive assumption on the kernel g(0). 
2. REV IEW AND MAIN RESULT 
Let us first recall the results of [6], beginning with the reformulation of (1.1) as the Cauchy 
problem (1.2). Since A is positive definite and self-adjoint, it has a positive definite, self-adjoint 
square root. We can define a Hilbert space V by V = domA 1/2, with inner product defined by 
(u,v)v = (A1/2u, AW2V)H, and it follows that V is densely and continuously imbedded in H. 
Next, let W = L2(-r ,  0; V) be the Hilbert space of all weighted square integrable functions with 
values in V, equipped with the norm 
f Ilwll~, = g(O)llw(O)ll~ dO. T 
Let X denote the Hilbert space X = V x H × W equipped with the norm 
II(u,v,w)ll2x = Ellull ~ + Ilvll2H + Ilwll 2 ,  
and compatible nergy inner product 
((~,~,w), (¢,¢, ~))x = E(~,¢)v + (~,¢)~ + g(O) (w(O),-~(O))v dO. 
If we introduce the state function x(t) = (u(t), i~(t), u(t) - u (t + 8)), then (1.1) can be reformulated 
as (1.2) (see [1,5] for more details). In this case, the operator .4 is defined on the domain {(:)  is,oca, yabso,ute,yco.tinuous} w 
domA= EX: -~+v E W, v e V, w(O) = O, , 
Eu + fo r g(8)w(O) dO e dom A 
by 
( [ f ] "-') A(u,v,w)= v , -A  Eu+ ~g(e)w(e)de ,v+- -~ . 
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It was shown in [5] that A is the infinitesimal generator of a strongly continuous emigroup of 
contractions T(t) .  Also in [5], the authors constructed a semidiscrete approximation scheme, 
which we will now recall. 
The scheme consists of two 'levels'--a discretization of the spatial variable (the spaces V, H 
and the operator A), and a discretization of the delay variable (the space L2( - r ,  0; V) and the 
operator d in the definition of A). To discretize the spatial variable, for any integer N, let V g 
be a finite-dimensional subspace of V satisfying the following approximation condition: for any 
¢ e V, there exists a sequence cNE V N such that  I¢ N - ¢ lv  ~ 0 as  N ~ OO. Let pN and pN 
denote (respectively) the orthogonal projections of H and V onto V N. The above condition 
guarantees that Pv N --~ I and PH N --* I (strong operator convergence). To finish the spatial 
discretization, for each N, define the operator A N : V y --* V N by 
(ANx,  u ) .  = <x,U>v, for all ~,U e Y N 
The discretization of the delay variable is based on the averaging scheme for delay equations 
introduced in [7], and later used in [2]. For any integer M, define a partition of [-r, 0] by 
O M --- ( - i r ) /M ,  i = O, 1 , . . . ,  M.  Then, for i = 1, . . . ,  M, define basis functions EM(0) by 
f 1, if 0 M < 0 < 0M,, 
EM(0) 
0, elsewhere. 
M M Set  W N'M : {w e W : w --~ E i= l  w iE i  , wi E vN},  and set X N'M = Y N x Y N x W N,M. 
The finite-dimensional approximation of the operator A is the operator ,4 N'M : X N'M ~ X N'M 
defined as follows. For x N'M = (u,v, w) ~ X N'M, with w = ~-~M 1wiE  M (to ease notational 
clutter, we drop the superscripts N, M and write w~ instead of wN'M~ set 
( [ ;  ] z, = _A  N M M AN'M3J N'M V, Eu + g(O)w(O) dO , v + - -  w i_  1 - w i )E  , 
r r i=l 
where we define w0 = 0. The finite-dimensional operators J4 N'M generate semigroups TN'M(t) ,  
and a semigroup convergence r sult was given in [5]. 
Next we recall the exponential stability and uniform exponential stability results from [6]. 
These results make use of a norm on X given by 
; I[(u,v,w)H2 =alH(U,V,W)ll2x + 2c~2Re(u ,v )H-  2a3 a(O)Re(w(O),v)gdO. 
?. 
The positive constants al ,  a2, ~3 can be chosen so that II'He is a norm on X which is equivalent 
to the original energy norm I]']}x. Furthermore, ]]'lie is compatible with the inner product 
<(u,v,w), (¢, ~,~)>e = ~1 ((u,v,~), (¢,¢, ~)>x +~2 [(., ¢>. + <u, ~>.] 
[; f ] - ~a a(O) <w(0), ¢>~ dO + a(O) <v, ~(O)>H dO . T 
Next define gM = f~e~l g(O)dO and a M = f~e[~ a(O)dO for i = 1 , . . . ,M ,  and consider the 
following conditions for the kernel g(0). 
• There exists K > 0 such that 
gg(O) <_ g'(O), for - r <_ O < 0. (2.1) 
• Given ~ > 0 and K > 0 (from (2.1)), there exists M1 such that for all M _> M1, 
< M 
K - - -  - -  - -  g i+ l ) ,  i = 1 , . . . ,M  - 1. (2 .2 )  M ?- 
• Given 6 > 0, there exists M2 such that for all M :> M2, 
( ) - -  a i+  0 < 1+~ gy ,  i= iv . . . ,M .  (2 .3 )  
In (2.3), we define aMM+I ---- 0. The following theorem summarizes the results in [6]. 
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THEOREM 2.1. Assume that (H1) and (2.1) hold. Then al, a2, and a3 can be chosen such that 
there exists w > 0/'or which 
Re (,4x, x)e <_ -w[[x[I 2, /'or all x E dora ,4. (2.4) 
I f  in addition (2.2) and (2.3) hold, then for any e > 0, there exists M3 such that f fM  _> M3, then 
Re (,4N'Mx, x)e --  )llxll , :or all x E X N'M and t'or all N. (2.5) 
The Lumer-Phillips theorem (see [8]) together with (2.4) implies that the semigroup T(t) 
generated by ,4 satisfies [[T(t)[[e _< e -Wt, and hence [IT(t)[[x <_ Ce -~t for all t > 0. Similarly, 
(2.5) implies that []Tg'M(t)[]e ~ e -(w-e)t for t > 0, for all N and all sufficiently large M. We 
note that some related results can be found in [9,10] for Volterra integro-differential equation 
models. 
We turn now to the main contribution of this note, which is to show that (2.2) and (2.3) are 
essentially unnecessary, and that uniform exponential stability can be obtained for a large class 
of kernels. We will make use of the following lemma. 
LEMMA 2.2. Let h ~> 0 and suppose that f e H2(x, x + h), and that f ,  f ' ,  f "  > 0 on (x, x + h). 
Then 
x-Fh 1 
f(O) dO >_ hf(x)  + h2fr(x), (2.6) 
JX  
f(O) dO < hf (x)  + h2f'(x + h), (2.7) 
JX  
f(O) dO < h f (x  + h) - h2f'(x),  (2.8) 
J~  
f(O) dO > h f (x  + h) - h2f ' (x + h), (2.9) 
Jgg  
PROOF. The graph of f is positive, increasing and concave up on [x, x + hi. This allows us to 
obtain the result by comparing the area under the graph of f with the area of certain inscribed 
and circumscribed trapezoids. Set A = (x, 0), B = (x, f (x  + h) - h f (x  + h)), C = (x, f (x)) ,  
D = (x, f (x  + h) - hf ' (x)) ,  E = (x + h, 0), F = (x + h, f (x )  + hf ' (x)) ,  G = (x + h, f (x  + h)), 
and H -- (x + h, f (x )  + h f ' (x  + h)). Observe that B < C < D and E < F < G < H. We have 
x+h 
f(O) dO > area ACFE = hf (x)  + h2f'(x),  
d~ 
f(O) dO <_ area ACHE = hf (x)  + h2f ' (x  + h), 
J~  
f(O) dO <_ area ADGE = h f (x  + h) - h2f'(x),  
,.IX Z 
f(O) dO > area ABGE = h f (x  + h) - h2f ' (x + h). 
J~  
The result follows. | 
Next we show that (2.3) is unnecessary, since it follows from (H1) and the definition of a M 
and gM. 
L inear  Viscoelast ic  Mode l  61 
PROPOSITION 2.3. I f  (H1) holds, then so does (2.3). 
PROOF. Observe that Lemma 2.2 applies to a(O) on each interval [0 M 0 M ] i = 1, , M, with [ i , i - - l l ,  " ' '  
h = r iM.  In particular, applying (2.8) to a M and (2.9) to ai+lM gives 
r I r i M M (a M M (oM,) ~-~a 
-~. - ~÷1)  <- ~ - (oy)  - ~ (~y)  + ~-~ (o~)  
= 0 M a( , _ , )  - ~ (0y)  
= g(O) dO. 
Y 
Thus, in fact, (2.3) holds for 6 = 0. | 
The next result shows that (2.2) follows from (HI), (2.1), and the additional assumption that 
g" > O. 
PROPOSITION 2.4. I f (H1)  and (2.1) hold, and g" > 0 on [ - r ,0) ,  then (2.2) holds. 
PROOF. Observe that Lemma 2.2 applies to g(0) on each interval [0 M, 0M1], i = 2 , . . . ,  M, with 
h = r /M.  Lemma 2.2 may not apply on the first interval [ - r /M,  0] because g and g' may be 
singular at 0 = 0. But since g E L l ( - r ,  0), it follows that (2.6) still holds on [ - r /M,  0]. Now let 
> 0 be given. Choose M1 such that M1 > Kr(1 - 6)/6, and suppose that M > M1. Notice 
M M that since g is increasing, we must have 0 < gi+l/gi < 1. We consider two cases for gi+t/giM . 
If M M _ gi+l/gi < 1 6, then 
M i - ~ . >  >K - 
r ' r  
and hence, (M/~)(9~ - g~, )  > K( I  - ~)g~. On the other hand, if ~ - ~ -< g,÷~/aM , then by 
applying (2.6) to g~ and (2.7) to 9~ we get 
M (g~ ~, 




i+ l  
M >_ Kgi+i 
and the result follows. | 
This means that Theorem 2.1 can be restated as follows. 
THEOREM 2.5. Assume that (H1) and (2.1) hold. Then there exists C > 1 and w > 0 for which 
IIT(t)llx < c~ -~t, for an t > 0. 
I f  in addition g" > 0 on [-r, 0), then for any e > O, there exists M3 such that if M > M3, then 
lIT N'M (t)llx <_ Ce -(~-~)t, for all t >_ 0 and all g .  
In particular, it is easy to verify the result for kernels of the form g(O) = c(eX°)/[O] p, for c, A > 0 
and 0 < p < 1. 
62 R.H. FABIANO 
REFERENCES 
i. R.H. Fabiano and K. Ito, Semigroup theory in linear viscoelasticity: Weakly and strongly singular kernels, 
In International Series of Numerical Mathematics, Volume 91, pp. 109-121, Birkh~inser, Basel, (1989). 
2. J.A. Burns and R.H. Fabiano, Feedback control of a hyperbolic partial differential equation with viscoelastic 
damping, Control Theory Adv. Tech., (1989). 
3. C.M. Dafermos, An abstract Volterra equation with applications to linear viscoelasticity, J. Di.~erential 
Equations 7, 554-569, (1970). 
4. J.A. Walker, Dynamical systems and evolution equations, In Mathematical Concepts and Methods in Science 
and Engineering, Volume 20, Plenum Press, (1980). 
5. R.H. Fabiano and K. Ito, Semigroup theory and numerical pproximation for equations in linear viscoelas- 
ticity, SIAM J. Math. Anal. 21, 374-393, (1990). 
6. R.H. Fabiano, Stability and approximation for a linear viscoelastic model, Journal of Mathematical Analysis 
and Applications 204, 206-220, (1996). 
7. H.T. Banks and J.A. Burns, Hereditary control problems: Numerical methods based on averaging approxi- 
mations, SIAM J. Control and Optimization 16, 169-208, (1978). 
8. A. Pazy, Semigroups of linear operators and applications topartial differential equations, In Applied Mathe- 
matical Sciences, Volume 44, Springer-Verlag, (1983). 
9. Z. Liu and S. Zheng, On the exponential stability of linear viscoelasticity and thermoviscoelasticity, Quart. 
Appl. Math. 54, 21-31, (1996). 
10. Z. Liu and S. Zheng, Uniform exponential stability of semigroups associated with approximations of linear 
viscoelasticity, J. Math. Systems, Estim. Control (to appear). 
